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We examine holographic renormalization by the singular value decomposition (SVD) of matrix data
generated by the Monte Carlo snapshot of the 2D classical Ising model at criticality. To take the continuous
limit of the SVD enables us to find the mathematical form of each SVD component by the inverse Mellin
transformation as well as the power-law behavior of the SVD spectrum. We find that each SVD component
is characterized by the two-point spin correlator with a finite correlation length. Then, the continuous limit
of the decomposition index in the SVD corresponds to the inverse of the correlation length. These features
strongly suggest that the SVD contains mathematical structure the same as the holographic renormalization.
1. Introduction
Quantum entanglement and holography are known
to be complementary concepts in recent development
of renormalization group (RG) theory and information
physics. The former can be characterized by the sin-
gular value decomposition (SVD), and the SVD offers
indispensable techniques for the density matrix renor-
malization group (DMRG) and the tensor-network vari-
ational methods in the condensed matter physics.1, 2 On
the other hand, the relation between the SVD and the
latter concept remains to be an open question. Although
some relationship has been pointed out by recent works
for the snapshot entropy in the 2D classical spin sys-
tems,3–7 its description is in just an elementary level.
Thus, its mathematically precise formulation is required.
Furthermore, this type of study has not been done yet
in quantum systems. If the study has been done (that
would is possible by using the DMRG in the 1D case), we
may think of better understanding of recent important
topics such as the anti-de Sitter space/conformal field
theory (AdS/CFT) correspondence in the string theory8
and the multiscale entanglement renormalization ansatz
(MERA) in the condensed matter physics.9
One technical difficulty is that the SVD itself is a dis-
crete decomposition. Thus it is hard to perform its in-
verse transformation unlike several integral transforma-
tions. As I have already proposed in the previous pa-
pers,3, 5–7 we can simply consider that the data decom-
posed by the SVD are stored into a space with one-higher
dimension, and we can notice that the length scale in the
data space changes along the decomposition index. How-
ever, it is not obvious whether the continuous limit of
the decomposition index really corresponds to the radial
axis of the AdS or a flow parameter of the holographic
RG. There is no well-grounded formulation in the present
∗matsueda@sendai-nct.ac.jp
stage. Here, we examine some mathematical properties
of the continuous limit of the SVD, and we call this as the
continuous SVD (CSVD) in short. By using such math-
ematical formulation, we can examine their relationship
to the holography.
The point to resolve the abovementioned difficulty is
to notice the presence of the universal scaling formula for
the singular value spectrum. For instance, let us consider
the SVD of the spin configuration data in the 2D clas-
sical Ising model at criticality. In the author’s previous
works,6, 7 it has been found that the scaling is associated
with the power law behavior of the two-point correlator.
In this case, we can introduce the inverse transformation
of the CSVD. This is because if the power-law scaling
exists the transformation has clear mathematical mean-
ing. This is called as the inverse Mellin transformation
that plays a crucial role on the data decomposition of
the scale-invariant system. In the string theory side also,
it has recently been discussed by using the Mellin repre-
sentation that the CFT correlators are rewritten as AdS
scattering amplitudes.10–13 Therefore, I believe that the
present work is also an important complementary work
to these recent works. When the inverse Mellin trans-
formation of the CSVD exists, we can examine how the
spin correlation length changes as we change the contin-
uous parameter. The examination of such parameter flow
is the purpose of this paper. We will conclude that the
continuous limit of the decomposition index corresponds
to the inverse correlation length, and thus the SVD gen-
erates the series of the holographic RG data.
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2. Formulation
2.1 Continuous Singular Value Decomposition at the
Critical Point
Let us start with the Ising model on the 2D square
lattice
H = −J
∑
<ij>
σiσj , (1)
where we consider the ferromagnetic coupling J > 0 and
the Ising spin at site i takes σi = ±1. Here we take a
snapshot of the spin configuration at Tc by the cluster
Monte Carlo simulations, which is represented as a Lx×
Ly matrix M(x, y). We apply SVD to decomposeM into
the following form
M(x, y) =
L∑
n=1
Un(x)
√
λnVn(y), (2)
where we denote L = min (Lx, Ly), Un(x) and Vn(y) are
column unitary matrices∑
x
Un(x)Un′(x) =
∑
y
Vn(y)Vn′ (y) = δnn′ , (3)
and this relation leads to∑
x,y
M2(x, y) =
∑
n
λn. (4)
We call Un(x)Vn(y) as the n-th layer data, and find that
Un(x)Vn(y) represents the n-th largest cluster data in the
snapshot when we label the data as λ1 ≥ λ2 ≥ · · ·λL.
We also define the partial density matrix as
ρ(x, x′) =
∑
y
M(x, y)M(x′, y) =
L∑
n=1
Un(x)λnUn(x
′). (5)
In this work, we focus on this quantity. There is a sym-
metry on ρ(x, x′) associated with the exchange between
x and x′, ρ(x, x′) = ρ(x′, x). As an important argument,
it has been shown that this is essentially equal to the
two-point correlator C(l) with l = |x − x′| due to self-
averaging.4 More precisely, a single snapshot does not
have the translational invariance, and we need to take
the sample average by a set of various snapshots to re-
duce the sample dependence on ρ(x, x′). Fortunately, it
has been found numerically that the asymptotic behav-
ior of the SVD spectrum is independent of the sample
difference in the large-L cases,6, 7 and we expect that the
average has a simple form. In this case, we can take
C(|x− x′|) = 〈ρ(x, x′)〉 =
L∑
n=1
〈Un(x)Un(x
′)〉λn, (6)
with the angle bracket representing the sample avarage.
Thus the basic structure of the SVD spectrum still re-
mains. Hereafter we denote 〈Un(x)Un(x
′)〉 asRn(|x−x
′|).
Now, we introduce the continuous limit of the above-
mentioned quantities, called CSVD in this paper. The
most straightforward way is to assume the existence of
the following decomposition for a two-parameter func-
tion M(x, y) (0 ≤ x ≤ ∞, 0 ≤ y ≤ ∞)
M(x, y) =
∫ ∞
0
dzU(z, x)
√
λ(z)V (z, y), (7)
with the unitary conditions∫
dxU(z, x)U(z′, x) =
∫
dyV (z, y)V (z′, y)
= δ(z − z′), (8)
and ∫∫
dxdyM2(x, y) =
∫
dzλ(z). (9)
Here, λ(z) is a monotone decreasing function, and is
none-negative. The continuous limit of the SVD index
n corresponds to the parameter z. If this assumption is
correct, the density matrix and the correlation function
are given by
ρ(x, x′) =
∫ ∞
0
dzU(z, x)λ(z)U(z, x′), (10)
and
C(l) = ρ(l) =
∫ ∞
0
dzR(l, z)λ(z), (11)
R(l, z) =
∫∫
dxdx′U(z, x)U(z, x′)δ(l − |x− x′|), (12)
where it is not necessary to take the sample average
due to the perfect self-averaging in the thermodynamic
limit. Hereafter, we need to examine the uniqueness of
the abovementioned continuous decomposition.
In the previous works,6, 7 it was found that the SVD
spectrum near Tc behaves as an algebraic function λn =
λ1n
−∆ with an exponent ∆. Thus the continuous limit
λ(z) can be given by
λn =
λ1
n∆
→ λ(z) =
λ1
z∆
, (13)
We also denote Rn(l) as R(l, z), and then obtain
ρ(l) = λ1
∫ ∞
0
dzR(l, z)z−∆. (14)
In particular, the result in the 2D classical Ising model
at criticality is given by
∆ = 1− η, (15)
with η = 1/4, and we find
ρ(l) = ρη(l) = λ1
∫ ∞
0
dzR(l, z)zη−1. (16)
Hereafter we add the suffix η to ρ(l), ρη(l), in order to
emphasize the presence of the anomalous dimension η.
This is because η is an important conjugate parameter to
z when we consider the inverse transformation. Only one
2
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point we should be careful for is about the normalization
or the bounded condition of the SVD spectrum. If we
simply consider the thermodynamic limit of Eq. (13),
the sum of all spectra diverges for the condition ∆ ≤ 1.
According to the author’s previous works, it is better to
assume
λ(z) =
f(z)
z1−η
(17)
with a decreasing function f(z). Then we have
ρη(l) =
∫ ∞
0
dzR(l, z)f(z)zη−1
≡
∫ ∞
0
dzR(l, z)zη−1, (18)
and the normalization condition∫ ∞
0
f(z)zη−1dz = 1. (19)
Going back to the definition of the CSVD and Eq. (12),
their relevance is related to the presence of the unique
inverse transformation of Eq. (18). Actually, we will later
find that this consideration is reasonable in the present
critical case. Furthermore, if there exists the unique in-
verse transformation, we can obtain the explicit form of
R(l, z) from the definition of ρη(l) automatically. It is
noted that the integral converges when the weight func-
tion f(z) is an exponentially decreasing function. Actu-
ally, we find
f(z) =
βη
Γ(η)
e−βz, (20)
with use of the gamma function Γ(η) and a constant β
to be determined so that this function matches well with
the numerical result. This form reminds us with the ex-
ponential damping factor of the two-point spin correlator
with a finite correlation length ξ away from the critical
point, when we assume z = ξ−1 and β = l. We cannot
exclude a possibility that more precise data fitting may
indicate a different form of the decreasing function f(z),
but now we would like to construct a conceptual or phe-
nomenological understanding of the data structure of the
each SVD component. Thus, we believe that the essential
result does not change even if we take an another form of
the function f(z). In the end of this section, we mention
some extension of that form.
The point here is to regard the integral of Eq. (18)
as the sum of data associated with the RG flow. In this
case, the data at a particular z corresponds to the corre-
lator with a finite correlation length ξ. We simply imag-
ine z ∝ ξ−1, since the small z-region represents a larger
cluster scale in the snapshot of the 2D Ising model. In
general, the Ornstein-Zernike form of the two-point cor-
relator C(l) near Tc is given by
C(l) =
A
ld−2+η
e−l/ξ =
A
lη
e−l/ξ, (21)
where d is the spatial dimension and A is an overall con-
stant. According to this formula, it is natural to assume
R(l, z) =
Ae−zl
(zl)η′
, (22)
if the radial axis z represents ξ−1 and also represents the
direction of the holographic renormalization. Then, the
partial density matrix or the correlator is given by
ρη(l) =
A
lη′
∫ ∞
0
dze−zlzη−η
′−1 =
A
lη
Γ (η − η′) . (23)
We find that this form agrees well with the correlator at
the critical point, although the result contains an addi-
tional regulator Γ(η − η′). Later, we will again mention
the importance of this regulator in the inverse transfor-
mation of the CSVD. We expect that the power η′ of the
algebraic decay in the expression of R(l, z) is basically
equal to the original anomalous dimension η, but math-
ematically we should take a value silightly smaller one
to η for keeping the convergence of the gamma function
(Γ(0) =∞).
In the present stage, η′ is a phenomenological parame-
ter to be determined by the fitting with numerical results.
If η′ is exactly equal to η, it is even possible to elimi-
nate the divergence by introducing the upper incomplete
gamma function with the IR cut-off z0 as
ρη(l, z0) =
A
lη
∫ ∞
z0
dze−zlz−1 =
A
lη
Γ(0, z0l). (24)
The incomplete gamma function Γ(0, z0l) has several ex-
pansion formulae, and for instance we have
Γ(0, z0l) = e
−z0lU(1, 1, z0l)
=
A
lη
(
−γ − ln(z0l)−
∞∑
k=1
(−z0l)
k
k(k!)
)
,(25)
where U(1, 1, z0l) =
∫∞
0
due−u/(z0l + u) is the conflu-
ent hypergeometric function and γ is the Euler constant.
This calculation also produces the l−η term, but we also
find the additional l-dependent factor Γ(0, z0l). Particu-
larly in the hypergeometric-function representation, we
find the exponential damping factor e−z0l with finite cor-
relation length z0 = ξ
−1
0 . That is quite natural, since we
have introduced the IR cut-off.
It depends on problems to decide one of which reg-
ularization is better. The latter is very straightforward
except for the presence of the damping factor away from
the critical point. However, when we consider the in-
verse transformation, it is necessary to use the former
method. As will be discussed, the inversion is well-defined
only for the former case. Then, a η-dependent regulator
with poles on the complex-η plane is necessary, and the
gamma-function regulator plays a role on the presence of
these poles.
We again argue that the RG flow parameter corre-
3
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sponds to the inverse correlation length
z =
1
ξ
. (26)
Therefore, the data set of the SVD is that of different
length scales. The new parameter z also acts as a pa-
rameter of the scale transformation. We call the condi-
tion z → 0 as the boundary of the (l, z)-space. The result
can be briefly summarized as
R
(( ǫ
z
)
l, z
)
= R (l, ǫ) . (27)
Before going into the next step, we consider some gen-
eralization of the damping factor f(z). The most general
form of f(z) seems to be
f(z) ∝ e−βz
κ
, (28)
where κ is a fitting parameter, and we have already ex-
amined the case that κ = 1. For instance, an Ising-spin
configuration is in some sense a random fractal. In this
case, κ deviates from unity and is rather close to κ = 2.14
When we assume R(l, z) = Ae−βz
κ
/(zl)η
′
, we find
ρη(z) = lim
η′→η
A
lη′
∫ ∞
0
dze−βz
κ
zη−η
′−1
= lim
η′→η
A
κβ(η−η′)/κlη′
Γ
(
η − η′
κ
)
, (29)
or otherwise we can introduce a cut-off and then
ρη(l, z0) =
A
lη
∫ ∞
z0
dze−βz
κ
z−1 =
A
κlη
Γ(0, βzκ0 ). (30)
In both cases, we obtain the lη term for η′ → η. Then,
we identify
zκ =
1
ξ
, (31)
for β = l. In this case also, the correlation length ξ in-
creases, as the RG flow proceeds by decreasing z.
2.2 Inverse Mellin Transformation
The CSVD is a kind of the integral transformation,
and the transformation in Eq. (18) is called as Mellin
transformation of the function R(l, z). The peculiar fea-
ture of this transformation is that the anomalous di-
mension itself is the transformation parameter conjugate
to the scale parameter z. An interesting view is that
this scale/Mellin space approach was also found in the
string theory side, as already mentioned in the introduc-
tion.10–13 In order to examine more about the meaning
of Eqs. (22) and (23) with respect of this conjugate re-
lation, we consider the inverse Mellin transformation of
the correlator ρη(l) = Al
−ηΓ(η − η′). For this purpose,
we analytically continue ρη(l) into a holomorphic func-
tion by using the complex variable η.
The inverse Mellin transformation is represented by
)Re( t
)Im( t
0
-5 -4 -3 -2 -1 0 1 2 3 4 5
-4
-2
0
2
4
Γ(
R
e(t
))
Re(t)
(b)(a)
Fig. 1. (a) The gamma function along the real axis and (b) Poles
of the complex gamma function and the semi-circle contour added
to the Bromwich path.
the so-called Bromwich integral as
R(l, z) = lim
p→∞
1
2πi
∫ c+ip
c−ip
z−ηρη(l)dη. (32)
This integral is well-defined, when we find parameters a
and b so that∫ ∞
0
|R(l, z)|zRe(η)−1dz <∞, (33)
for a < Re(η) < b. Then, there exists a parameter c
with the condition a < c < b. In the present case, it is
enough to take a = 0. By adding some integral contour
to the Bromwich path, we pick up the pole of the gamma
function in the density matrix ρη(l) for this calculation.
Since the gamma function for the complex number t is
represented by the infinite product formula
Γ(t) = lim
n→∞
n!nt
t(t+ 1)(t+ 2) · · · (t+ n)
(34)
=
1
t
∞∏
n=1
(
1 + 1n
)t
1 + tn
, (35)
this has the poles on zero and negative intergers. The
residues are given by
Res(Γ,−n) = lim
t→−n
(t+ n)Γ(t) =
(−1)n
n!
, (36)
with n = 0, 1, 2, .... This means
R(l, z) =
1
2πi
∮
C
z−η
A
lη
Γ (η − η′) dη
=
∑
n≥0
A
(lz)η
Res(Γ,−n)δ (η − η′ + n)
=
A
(lz)η′
e−lz, (37)
where the integral path C encloses all poles by adding
an infinitely large semi-circle to the Bromwich path (see
4
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Fig. 1). We know that this actually agrees well with
Eq. (22). By summing up all possible poles of the gamma
function, we realized the correct off-critical behavior of
the SVD component R(l, z = ξ−1) characterized by the
exponential decay with the finite correlation length ξ.
Therefore, the conjugate axis η of the RG flow parame-
ter z acts as a source of such decay.
Now we start with Eq. (23) for the inverse transfor-
mation. However, the abovementioned calculation is im-
possible, if we start with Eq. (24). This is because there
is no pole on the complex η space. Thus we think that
the gamma-function regulator is necessary to realize the
well-defined inverse transformation.
2.3 Roles of the Warp Factor on Off-Critical Behaviors
of the Two-Point Spin Correlator
x
z
0 x
z
0
(a) (b)
z 0
z 0
Black hole
IR
UV
UV
IR
Fig. 2. Cut-off of the integral: (a) present classical/classical case
and (b) BTZ black hole in the usual AdS/CFT (classical/quantum)
correspondence.
Up to now, we have examined the inverse Mellin trans-
formation at the critical point by starting with ρη(l).
Furthermore, it is possible to extend this idea to the case
away from the critical point. As already mentioned, we
can introduce ρη(l, z0) with the IR cut-off z0 that is ob-
tained from ρη(l) by eliminating the large scale data.
This situation is visualized in Fig. 2(a). The smaller z
value is related to the larger spatial scale contained in
the original data. Away from the critical point, the larger
scale data tends to disappear except for the background
data of the snapshot.
According to the definition of the SVD spectrum in
the original discrete representation, the spectrum always
starts from λ1 (n = 1). Thus, we would like to keep the
integration range of the parameter z as 0 ≤ z ≤ ∞, even
though the introduction of the IR cut-off z0 is a very
convenient method to represent the exponential damp-
ing factor away from the critical point. Furthermore, λ1
becomes much larger than other λn away from the critical
point, and this feature is not simply represented by in-
troducing the cut-off. Such situation can be phenomeno-
logically represented by the warp factor like a black hole
that terminates the RG flow space at z = z0. We se-
lect the factor as
∑∞
k=0(z0/z)
k, since this is equivalent
to (1− (z0/z))
−1 for z0 < z and this form is similar to
the warp factor of the Schwarzschild black hole. We find
ρη(l, z0) =
∞∑
k=0
∫ ∞
0
dz
(z0
z
)k Ae−zl
(zl)η′
zη−1
=
A
lη′
∞∑
k=0
zk0
∫ ∞
0
dze−zlzη−η
′−k−1
=
A
lη
∞∑
k=0
(z0l)
k
∫ ∞
0
dxe−xxη−η
′−k−1
=
A
lη
∞∑
k=0
(z0l)
k Γ(η − η′ − k). (38)
Here, we need to define Γ(η− η′− k) by analytic contin-
uation. Let us further transform Eq. (38). According to
the following property of the Gamma function
Γ(t) =
Γ(t+ 1)
t
, (39)
the abovementioned result in the case of η′ ≃ η can be
transformed into
ρη(l, z0) ≃
A
lη
∞∑
k=0
(z0l)
k Γ(η − η
′)
(−1)kk!
=
A
lη
e−z0lΓ(η − η′). (40)
We find that the result matches well with the two-point
spin correlator away from the critical point (we must use
Eq. (38) when considering the inverse transformation).
3. Discussion
Let us finally discuss some implications of the present
results to the holography concept such as the AdS/CFT
correspondence. In particular, we would like to mention
similarity of our results with the correspondence except
for the difference associated with the UV/IR relation.
Since the present work is based on the classical/classical
correspondence, the UV/IR relation would be reversed in
comparison with the standard AdS/CFT that is a kind of
the quantum/classical correspondence. What we would
like to argue about the similarity is that the SVD index
is a kind of the RG flow parameter.
Based on the above prerequisite, we should remark two
important aspects. The first one is the appearance of the
warp factor (1−z0/z)
−1 in Eq. (38) when we consider the
inverse Mellin transformation of the off-critical behavior.
Going back to Eq. (18), we find
ρη(l) =
∫ ∞
0
dzR(l, z)zη−1 =
∫ ∞
0
dz
z
R(l, z)zη, (41)
and this simple transformation indicates that the factor
dz/z represents the scale invariance of the hyperbolic
5
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geometry. We expect that the off-critical feature should
be described by the black hole in quantum cases. For
instance, the BTZ black hole geometry in 2+1 dimension
is given by the following metric
ds2 =
l2
z2
(
−f(z)dt2 +
dz2
f(z)
+ dx2
)
, (42)
where the warp factor f(z) is defined as
f(z) = 1−
(
z
z0
)2
. (43)
The event horizon is located at z = z0. Then, the trun-
cation of the space by f(z) occurs at z ≥ z0, as shown in
Fig. 2(b). On the other hand, the warp factor in Eq. (38)
terminates the RG flow for the region of z < z0. Thus,
the presence of the truncation or the termination for the
flow parameter axis is quite similar in both classical and
quantum cases, although the UV/IR region is reversed.
This would be a strong indication of the similarity.
The second aspect is about the relation between the
correlation length and the SVD index. This relationship
has been precisely examined in terms of the matrix prod-
uct state (MPS) formulation of correlated systems. Let
us introduce the uniform MPS defined by
|ψ〉 =
∑
{sj}
tr (A[s1] · · ·A[sN ]) |s1〉 ⊗ · · · ⊗ |sN 〉 , (44)
where each matrix has χ×χ dimension. The best χ value
is determined so that the entanglement entropy shows
correct scaling behavior for a given model Hamiltonian.
The two-point correlator for two local bosonic operators
Oj and Oj+l (we can also define the fermionic case with
some minor modification) is given by
C(l) =
〈ψ|OjOj+l |ψ〉
〈ψ|ψ〉
=
tr
(
OˆEl−1OˆEN−l−1
)
tr (EN )
, (45)
where Oˆ and E are respectively defined by
Oˆ =
∑
s′,s
Os′,sA
∗[s′]⊗A[s], (46)
and
E =
∑
s
A∗[s]⊗A[s]. (47)
The MPS implies that in general a correlator takes the
analytical form
C(l) =
χ2∑
i=1
αiλ
l
i =
χ2∑
i=1
αie
−l/ξi , (48)
where λi is the eigenvalue of the χ
2 × χ2 matrix E and
ξi = −
1
ln |λi|
. (49)
By using the above formulation, it is important to ex-
amine the χ dependence on ξ, since χ is closely related
to the RG flow parameter z. The examination has been
done, and we summarize the results in the following for
their comparison with the present result.
In an earliar DMRG calculation,15 it was found that
the particle-hole correlation in the 1D free fermion model
(the central charge c = 1/2) is given by
ξph ≃ −
1
ln |1− kχ−β|
≃
1
k
χβ, (50)
where |λph| ≃ 1−kχ
−β. The numerical fit of this scaling
suggests β ≃ 1.3 and k ≃ 0.45. Furthermore, more pre-
cise analysis based on CFT tells us that the MPS with a
finite dimention χ can approximately represent the non-
local correlation scaled by
ξ = χκ, (51)
where κ is the so-called the finite entanglement scaling
exponent defined by
κ =
6
c
(√
12/c+ 1
) , (52)
with the central charge c.16, 17 In the Heisenberg model
case c = 1, we obtain κ ≃ 1.344 consistent with the
abovementioned β value. This consistency would be re-
lated to the fact that there are two different carriers in
the analysis of the β value. In both cases, ξ increases
as χ increases. These results also represent close connec-
tion between ξ and χ, and the relation is opposite to the
present classical case ξ−1 = zκ where z corresponds to
χ. The Ising model case (c = 1/2), κ in Eq. (52) is very
close to 2. This result may indicate that the functional
form is f(z) ∝ e−lz
2
in the present classical case.
4. Summary
Summarizing, we defined the CSVD in the 2D classical
Ising model, and examined its inverse Mellin transfor-
mation. We found that the continuous limit of the SVD
index really corresponds to the flow parameter of the
holographic RG in the sense that in this extended space
the two-point correlator tends to be deformed so that
the correlation length decreases as we go along this new
axis. We also examined the effect of the IR cut-off on the
exponential damping factor of the correlator away from
the critical point. The present approach is based on the
classical/classical correspondence. Thus, we found that
the UV/IR relation is reversed in comparison with the
AdS/CFT correspondence.
To proceed detailed analysis in this scale/Mellin space
approach, we need to compare the present results with
numerical data. This is because the present phenomeno-
logical theory still contains two adjustable parameters
η′ and κ. However, those numerical works are not easy,
since we need to examine all of the matrix elements in the
SVD. That would be the future important work. In the
6
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present work, we have examined the holographic RG data
of the classical system. It is an interesting open question
to examine the quantum case in close connection to the
AdS/CFT correspondence.
HM acknowledges Ching Hua Lee for his helpful com-
ments on the manuscript. This work was supported by
JSPS Kakenhi Grant No.15K05222 and No.15H03652.
1) S. R. White, Phys. Rev. Lett. 69, 2863 (1992); Phys. Rev. B
48, 10345 (1993).
2) F. Verstraete and J. I. Cirac, arXiv:0407066 (2004).
3) H. Matsueda, Phys. Rev. B85, 031101 (2012).
4) Y. Imura, T. Okubo, S. Morita, and K. Okunishi, J. Phys. Soc.
Jpn. 83, 114002 (2014).
5) C. H. Lee, Y. Yamada, T. Kumamoto, and H. Matsueda, J.
Phys. Soc. Jpn. 84, 013001 (2015).
6) H. Matsueda and D. Ozaki, Phys. Rev. E 92, 042167 (2015).
7) H. Matsueda, C. H. Lee, and Y. Hashizume, J. Phys. Soc. Jpn.
85, 086001 (2016).
8) J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
9) G. Vidal, Phys. Rev. Lett. 99, 220405 (2007).
10) G. Mack, arXiv:0907.2407, 0909.1024.
11) J. Penedones, JHEP 03, 025 (2011).
12) M. F. Paulos, JHEP 10, 074 (2011).
13) A. L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju, and B. C.
van Rees, JHEP 11, 095 (2011).
14) C. H. Lee, D. Ozaki, and H. Matsueda, arXiv:1608.04113
(2016).
15) M. Andersson, M. Boman, and S. Ostlund, Phys. Rev. B 59,
10493 (1999).
16) L. Tagliacozzo, Thiago. R. de Oliveira, S. Iblisdir, and J. I.
Latorre, Phys. Rev. B 78, 024410 (2008).
17) F. Pollmann, S. Mukerjee, A. Turner, and J. E. Moore, Phys.
Rev. Lett. 102, 255701 (2009).
7
